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Outline of the talk

Short introduction to Parameterized Complexity.
Some concepts, some problems, and some solutions.

Graph modification problems.
Treewidth, tree decompositions, and their algorithmic usage.
Network problems on planar graphs.

Commercial break!
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Parameterized complexity

Classic complexity theory: Complexity measured in the size of input data.

Main distinction: P-time solvable vs. NP-complete

Parameterized complexity: Express complexity using a function of the
input size and auxiliary parameters.

Evaluation of query ϕ on database D.

Parameters: ||ϕ||, size of output, ...

Searching for pattern of size k in a large graph G .

Parameters: k, ∆(G), genus(G), ...

Solving an integer linear program (ILP).

Parameters: # variables, max coefficient, structural measures of the matrix...

Parameterized complexity: a way of thinking about measuring resource usage.
Establishing formal framework  Mathematical work on foundations
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Notions of efficiency

Fix a problem with one parameter k.

Idea: Algorithm is efficient when the parameter is small.
First try: Problem is solvable in polynomial time whenever the parameter is
fixed to a constant.

XP: running time of the form f (k) · ng(k) for some functions f , g .
Example: Clique of size k can be found in time O(|G |k).

Second try: Whenever the parameter is a constant, the running time is
linear/quadratic/cubic/...

FPT: running time of the form f (k) · nc for some function f and constant c.
Example: Path of length k can be found in time O(1.66k · |G | log |G |).

FPT vs. W-hard: Clique is unlikely to be FPT.
Directions of research:

Classification FPT vs. W-hard.
Algorithms with as low parametric dependence as possible.
Algorithms with as low input size dependence as possible.
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Significance and community

A boom in the significance of Parameterized Complexity in recent years.

13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.

At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.

By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.

Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.

http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.
http://fpt.wikidot.com/

4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.
http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.

IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.
http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation

PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Significance and community

A boom in the significance of Parameterized Complexity in recent years.
13 out of 182 papers at SODA 2017 related to Parameterized Complexity.
At least 6 ERC grants in progress or starting soon.
By now, a mainstream research direction in TCS.
Predominantly a European topic.

Well-organized, closely collaborating community.
http://fpt.wikidot.com/
4 established textbooks and monographs, focusing on different aspects.
IPEC: International Symposium on Parameterized and Exact Computation
PACE: Parameterized Algorithms and Computational Experiments Challenge

Michał Pilipczuk Parameterized Complexity 6/19

http://fpt.wikidot.com/


Plan for now

Theory Practice

Applying parameterized concepts 
to real-life data science

Investigating mathematical notion
of (parameterized) computation

me

......
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Graph modification problems

Setting:

We are given some graph where we expect high structure.
Data is noisy, so some adjacencies may be incorrect.

The number of errors is expected to be small

Goal: Find the smallest possible edit to correctly structured data.

Parameter: k, the number of allowed edits.
Variants: Target class of structured graphs, allowed edit operations...
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Animal classification

cost= 9cost= 9
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Cluster Editing

Cluster graph: disjoint union of cliques

Cluster Editing:
Given a graph, add or remove at most k edges to obtain a cluster graph.

There is an FPT algorithm with running time O(1.62k + n + m) [Böcker].
An algorithm with running time 2o(k) · nc is unlikely [Komusiewicz, Uhlmann].

What if the target number of clusters p is small compared to k?

Theorem Fomin, Kratsch, Pilipczuk, Pilipczuk, Villanger; 2013

Cluster Editing can be solved in time 2O(
√

pk) +O(n + m), where p is the
target number of clusters.

Moreover, this running time is likely to be tight for every p as a function of k.
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Graph modification problems: complexity

Current understanding:

The vast majority of “reasonable” graph modification problems admit FPT
algorithms with running times of the form 2O(k) · nc ...
which are likely to be essentially tight: there is no 2o(k) · nc algorithm.
There are isolated examples where running time 2Õ(

√
k) · nc is possible.

Cluster Editing with a constant number of clusters,
Chordal Completion,
Interval Completion,
Trivially Perfect Completion,
and a few others connected to chordal graphs.

This running time is again essentially tight.

Michał Pilipczuk Parameterized Complexity 11/19



Graph modification problems: complexity

Current understanding:
The vast majority of “reasonable” graph modification problems admit FPT
algorithms with running times of the form 2O(k) · nc ...

which are likely to be essentially tight: there is no 2o(k) · nc algorithm.
There are isolated examples where running time 2Õ(
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Treewidth and tree decompositions

Idea: Many hard problems become easy when the input structure is a tree.

Maybe if the input is “tree-like”, then we can still design some efficient
algorithms using the same principles?
Parameterized Complexity:

Define a graph parameter treelikeness(G) resemblance to a tree.
Express the running time in terms of the size of the input and its tree-likeness.

Standard measure for tree-likeness is the treewidth of a graph.
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Treelike graphs

≤ k
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Treelike networks

Western US power grid
Visualization using Gephi by Felix Reidl.

Data from Phadke&Torp, example from Watts&Strogatz.

Western US power grid
Visualization using Gephi by Felix Reidl.

Data from Phadke&Torp, example from Watts&Strogatz.

Graph of a Java program
Visualization using Gephi by Felix Reidl.

Data from Gephi dataset.
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Treewidth: challenges

Main challenges:

How efficiently can we compute a tree decomposition?

NP-hard in general, but there are FPT and FPT-approximation algorithms.

How efficiently can we solve our favourite problem given a tree decomposition
of small width?

Dynamic programming, algebraic approach...
Connections to logic on graphs (MSO).

Not only for NP-hard problems!

(Fomin, Lokshtanov, Pilipczuk, Saurabh, Wrochna; 2015+):
Algorithms with running time poly(tw) · n or poly(tw) · n log n for problems
like maximum matching, maximum flow, solving systems of linear equations...

Practice: Need for a reliable library for treewidth-based algorithms.
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Steiner Tree
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ŻARY

REDA

ŁEBA

NYSA

ŁAPY

RADOM

ŻAGAŃ

WARKA

USTKA

KĘPNO

KRZYŻ

JASŁO

BRZEG

TYCHY

TCZEW

CHEŁM

ŁUKÓW

TUNEL

ŁOMŻA

PSARY

KUTNO

KORSZE

DĘBLIN

KALISZ

PILAWA

GŁOGÓW

SIERPC

KCYNIA

RAWICZ

SŁAWNO

SŁUPSK

LĘBORK

LESZNO

DĘBICA

RZEPIN

JEŁOWA

CHYBIE

RYBNIK

STRÓŻE

ŁUPKÓW

ZAGÓRZ

MUNINA

ŻYWIEC

KALETY

TARNÓW

LUBLIN

ELBLĄG

KIELCE

LIPUSZ OLECKO
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KARTUZY

DARŁOWO

ROKITKI

SKAWINA
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BIENIÓW
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KOBYLIN

PRABUTY
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JAROCIN
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PRUDNIK
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KRYNICA

PACZYNA

SKOCZÓW

MALBORK

BUKOWNO

SOKÓŁKA

OPOCZNO

LEGNICA

TŁUSZCZ

SUWAŁKI

TOPORÓW ZBĄSZYŃ

SIEDLCE

MALCZYCE

POŁANIEC

WRZEŚNIA

BRODNICA

BĄKOWIEC

LUBLINEK

CZARNKÓW

STAWIANY

NOWA SÓL

MIESZKÓW

WIELBARK

GOLENIÓW

KĄKOLEWO

NASIELSK

KORZYBIE

KOSZALIN

WOLSZTYN

KOLUSZKI

SZCZYTNO

TACISZÓW

PSZCZYNA

PRZEMYŚL

ZAKOPANE

CHABÓWKA

CZŁUCHÓW

CHOJNICE

KATOWICE

BRANIEWO

KOSTRZYN

TERESPOL

HAJNÓWKA

OLEŚNICA

ŚNIADOWO

STRZEGOM

MAŁKINIA

REJOWIEC

SULECHÓW

KROTOSZYN

MARCISZÓW

CZERWONKA

KOŁOBRZEG

DZIAŁDOWOWĄBRZEŹNO

BIAŁOGARD

GRUDZIADZ

ZAWIERCIE

CHOSZCZNO

NOWY SĄCZ

BOGACZEWO

KLUCZBORK

CZEREMCHA

OSTROŁĘKA

KONIECPOL

TRAKISZKI

BEŁCHATÓW

BIAŁYSTOK

WŁOCŁAWEK

ŁOWICZ GŁ

PRZEWORSK

GRODZ MAZ

TRZEBIATÓW

ZŁOCIENIEC

SANDOMIERZ

MIĘDZYCHÓD

KROŚCIENKO

SPYTKOWICE

HERBY
NOWE

SZCZECINEK

INOWROCŁAW

BARTOSZYCE

CZERWIEŃSK

BARŁOGI WARSZAWA

MIĘDZYLESIE

KALISZ POM.

RUNOWO POM.

KAMIEŃ POM.

WIERZCHUCIN

BIELSK PODL

KOŚCIERZYNA

PIŁA GŁÓWNA

ŚWINOUJŚCIE

TORUŃ
GŁÓWNY

IŁAWA 
GŁÓWNA

OSTRÓW WLKP. ZDUŃSKA
WOLA

ZIELONA 
GÓRA

JELENIA
GÓRA

SKIERNIEWICE

WŁOSZCZOWICE

SZCZECIN GŁ.

NOWY
ŚWIĘTÓW

OPOLE
GŁÓWNE

WISŁA GŁĘBCE

KUŹNICA BIAŁ

SOKOŁÓW PODL

TOMASZÓW MAZ

KOWALEWO POM.

POZNAŃ GŁÓWNY

RACŁAWICE ŚL.

STAROGARD GD.

BIELSKO B.GŁ.

ROGOŹNO
WLKP.

GDAŃSK GŁÓWNY

SITKÓWKA NOW.

ŚWIERŻE GÓRNE

HRUBIESZÓW M.

JABŁONOWO POM.

ŁÓDŹ FABRYCZNA

KŁODZKO 
GŁÓWNE

OLSZTYN 
GŁÓWNY

STARGARD SZCZ.

PIOTRKÓW TRYB.

WROCŁAW
GŁÓWNY

RZESZÓW
GŁÓWNY

LASKOWICE
POM.

KAL.ZEB.LANCK.

MAKSYMILIANOWO

CHORZEW
SIEMK.

WŁOSZCZOWA PŁN

NAKŁO N/NOTECIĄ

RUDNA GWIZDANÓW

GORLICE 
ZAGÓRZANY

SUCHA
BESKIDZKA

BUSKO ZDRÓJ "Z"

LEGIONOWO

MIŃSK MAZOWIECKI

GRABOWNO
WIELKIE

WYSOKA
KAMIEŃSKA

ZWIERZYNIEC TOW.

STRZELCE K.
WSCH.

BYDGOSZCZ
GŁÓWNA

NOWA WIEŚ
WIELKA

ST.WOLA 
ROZWADÓW

SKARŻYSKO KAMIEN

GUBIN

ZAWADA

MEDYKA

ZWARDOŃ

GLIWICE

RACIBÓRZ

GOLESZÓW

WADOWICE

NAMYSŁÓW

OŚWIĘCIM

WĘGLINIEC

WERCHRATA

FOSOWSKIE LUBLINIEC

IDZIKOWICE

ZEBRZYDOWA

SKWIERZYNA

CZĘSTOCHOWA

MIĘDZYRZECZ

LUBAŃ
ŚLĄSKI

ZEBRZYDOWICE

GORZÓW WLKP.

STRZELCE 
OPOL.

WOLA 
BARANOWSKA

KRAKÓW
GŁ.OSOB.

TARNOWSKIE 
GÓRY

KAMIENIEC ZĄBK.

ALEKSANDRÓW 
KUJ.

WAŁBRZYCH
GŁÓWNY

KĘDZIERZYN
KOŹLE

JAWORZYNA 
ŚLĄSKA

GDYNIA
GŁÓWNA

Szczecin Gumieńce - 
- Grambow

Szczecin Gumieńce - 
- Tantow

Kostrzyn Nad Odrą - 
- Küstrin Kietz

Kunowice - 
- Frankfurt (Oder)

Gubin - 
- Guben

Zasieki - 
- Forst

Węgliniec - 
- Horka

Zgorzelec - 
- Görlitz

Zawidów - 
- Černousy

Luba
wka -

 

- Král
ovec

Miero
szów

 - 

- Mez
iměst

í

Międ
zyles

ie - 

- Lich
kov

Głuch
ołazy

 - 

- Mik
ulow

ice

Chału
pki - 

- Boh
umin

Zebrz
ydow

ice - 

- Petr
ovice

 u Ka
rviné

Ciesz
yn - 

- Čes
ký Tě

šín

Zwar
doń -

 

- Ska
lité

Musz
yna -

 

- Pla
več Łupk

ów - 

- Med
zilab
orce

Krościenko - 
- Stazhava

Malhowice - 
- Chyrów

Medyka - 
- Mostiska

Hrubieszów - 
- Włodzimierz 
  Wołyński

Dorohusk - 
- Jagodzin

Terespol - 
- Brest

Czeremcha - 
- Vysoko-Litowsk

Siemianówka - 
- Svislac (Świsłocz)

Zubki - 
- Bierestowica

Kuźnica -
- Grodno

Trakiszki -
- Mockava

Skandawa -
- Żeleznodorożnyj

Braniewo -
- Mamonowo

Jaku
szyc
e - 

- Har
rach
ov

Werchrata - 
- Rawa Ruska

Hrebenne - 
- Rawa Ruska

03-734 Warszawa, ul. Targowa 74
http://www.plk-sa.pl

Opracowanie: 
PKP Polskie Linie Kolejowe S. A. 

Biuro Nieruchomości i Geodezji Kolejowej

Mapa linii kolejowych w Polsce

0 50 100
km

zarządzanych przez PKP Polskie Linie Kolejowe S.A.
oraz innych zarządców

obszary działania zakładów linii kolejowych / railway lines plant

LEGENDA / LEGEND

linie zarządzane przez PKP Polskie Linie Kolejowe S.A. /
railway lines managed by PKP Polskie Linie Kolejowe S.A. :

przejścia graniczne / border crossings

jednotorowe zelektryfikowane / electrified single track line
jednotorowe niezelektryfikowane / not electrified single track line
dwutorowe zelektryfikowane / electrified double-track line
dwutorowe niezelektryfikowane / not electrified double-track line

wybrane miasta / selected cities

123 numer linii kolejowej / number of railway line

Łódź wybrane punkty eksploatacyjne /
selected operational points (stations and stops)

Dane wykorzystane do opracowania mapy pochodzą z Systemu Informacji dla Linii Kolejowych (SILK).
Data wygenerowania mapy: 15.12.2015 r. Państwowy Układ Współrzędnych Geodezyjnych 1992.

Druk i rozpowszechnianie: Biuro Nieruchomości i Geodezji Kolejowej PKP Polskie Linie Kolejowe S.A. Do użytku wewnętrznego.
Copyright © 2009-2015 PKP Polskie Linie Kolejowe S. A.

The map of polish railway lines
administrated by PKP Polish Railway Lines

and other administrators

granica państwa / state border

linie kolejowe zarządzane przez innych zarządców / 
railway lines managed by other infrastructure managers :

jednotorowe zelektryfikowane / electrified single track line
jednotorowe niezelektryfikowane / not electrified single track line
dwutorowe zelektryfikowane / electrified double-track line
dwutorowe niezelektryfikowane / not electrified double-track line
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Steiner Tree: formalization

Statement: Given an edge-weighted graph and a terminal set, find the
shortest tree that connects the terminals.

Two natural parameters:

|T |: the number of terminals.
k: the target size of the tree (unit edge cost).

(Dreyfus & Wagner; 1972): Algorithm with running time O(3|T | · |G | log |G |)
Can we do anything better on planar graphs?
(Pilipczuk, Pilipczuk, Sankowski, van Leeuwen; 2014):
Running time 2O(

√
k log k) · |G | on unweighted planar graphs.

Something about the parameterization by |T | coming soon...
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Planar Steiner Tree: sparsification
Given: Planar graph G with outer face of length k.

Outcome: Small subgraph H ⊆ G with the following property:

For any choice of terminals on outer face, some opt. connection is preserved.

Naive: H of size at most 2k · k.
Our result: H of size poly(k).

More precisely, of size O(k142).
Even more precisely, of size at most 2 159 872 407 596 · k142.
Conjecture: There is a sparsifier H of size O(k2).

By-product: Statement for weighted graphs, useful for the design of PTASes.
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Commercial break

Some of this, and many more in the new book

Parameterized algorithms

by Cygan, Fomin, Kowalik, Lokshtanov,
Marx, Pilipczuk, Pilipczuk, and Saurabh.

Published by Springer, 2015.
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